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Abstract. We define a G− class: A set of numbers for which the even Goldbach conjecture
is true. The elements of a G − class are G numbers. Main result: We prove that every
Gnumber can be expressed as a sum of two primes and there are infinitely many Gnumbers.
1. Introduction And Statement of Results
Consider the following two functions where x and m are positive integers greater than 1,
and m is odd.
• g(x,m) = x+ 2m− (x−m)mod(2m).
• f(x) returns the smallest prime factor of x.
Let n be a positive integer greater than 2, and p1 a prime such that
• p1 = maximum of f(g((n− 1)2, p)) taken over the odd primes p ≤ n.
• An even number 2n is a G number if g((n − 1)2, p1) = p1(2n − p1).
The historical importance and difficulty of the Even Goldbach Conjecture cannot be over-
stated. However, rigorous results were presented by Chudakov [2], Van der Corput [3], and
Estermann [4]. Using Vinogradov’s method, they showed that almost all even numbers can be
written as the sum of two primes. In 1973, Chen Jingrun using the methods of sieve theory
showed that every sufficiently large even number can be written as the sum of either two
primes, or a prime and a semiprime [5]. Considerable work has been done on Goldbach’s weak
conjecture that was finally proved in 2013 by Harald Helfgott [6]. “His proof directly implies
that every even number n ≥ 4 is the sum of at most four primes [7].”
Using observations that can be easy exercises at a level preceding a first course in elementary
number theory, we define the G numbers and arbitrary choose an even number 2n that has
characteristics of a G number. We deduce in terms of n, a prime p1 that also has other
properties beside those of a prime number. These properties of p1 combined with those of 2n,
make it easy to demonstrate that 2n − p1 is a prime. Thus, 2n (that is a G number) can be
expressed as the sum of two primes. Moreover, we support the argument that a substantial
portion of the natural numbers are G numbers.
2. Results
Definition. Given two positive integers x and p such that p is odd, define a function
g(x, p) = x+ 2p− (x− p)mod(2p). (1)
For each positive odd integer p, the function g(x, p) yields the smallest odd multiple of p
exceeding x.
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Example 1. For x = 111,
g(111, 1) = 111 + 2(1) − (111 − 1)mod(2 ∗ 1) = 113.
g(111, 3) = 111 + 2(3) − (111 − 3)mod(2 ∗ 3) = 117.
g(111, 5) = 111 + 2(5) − (111 − 5)mod(2 ∗ 5) = 115.
g(111, 7) = 111 + 2(7) − (111 − 7)mod(2 ∗ 7) = 119.
g(111, 9) = 111 + 2(9) − (111 − 9)mod(2 ∗ 9) = 117.
g(111, 11) = 111 + 2(11) − (111 − 11)mod(2 ∗ 11) = 121.
g(111, 3) = 117, is the smallest odd multiple of 3 exceeding 111.
What the function g(x, p) does? The value (x− p)mod(2p) is the distance between x
and the largest odd multiple of p, less than or equal to x. Therefore, x− [(x − p)mod(2p)] is
the largest odd multiple of p less than or equal to x. Adding a distance 2p to the largest odd
multiple of p less than or equal to x, gives the smallest odd multiple of p that is greater than
x.
Lemma 1. Given two positive integers x and p such that p is odd, the function g(x, p) yields
the smallest odd multiple of p exceeding x.
Proof. Choose two positive integers x and p such that p is odd. Suppose, on the contrary, that
g(x, p) is not the smallest odd multiple of p exceeding x. Thus, there exists an integer k2 such
that x < k2p < g(x, p). That is,
k2p < x+ 2p − (x− p)mod(2p). (2)
But since x−[(x−p)mod(2p)] is the largest odd multiple of p less than or equal to x, there exists
an integer k1 such that x− (x− p)mod(2p) = k1p. So, inequality (6) becomes k2p < 2p+ k1p,
which implies that k2 − k1 < 2. That is impossible as (k2p is an odd multiple of p that is)
> x, and (k1p is an odd multiple of p that is) ≤ x, so k2 − k1 cannot be less than 2. Thus,
given two positive integers x and p such that p is odd, the function g(x, p) yields the smallest
odd multiple of p exceeding x. 
Note. Lemma 1 is proven for any two arbitrary positive integers x and p such that p is odd,
but we may often let p be a prime in the interval [3, ⌈√x ⌉].
3. Definition of G numbers
An even number 2n is a G number if
• g((n − 1)2, p1) = p1(2n − p1). That is,
• 2n = n2 + (p1 + 1)2 − 2np1 − ((n− 1)2 − p1)mod(2p1).
The ‘mod’ operator above can easily be converted also in terms of the floor function.
4. Example to illustrates the main result
Example 2. Let n = 33, we have (n− 1)2 = 1024.
Table 1 on page 3 illustrates how the value of p1 is obtained.
a) p1 = max {f(g((n − 1)2, p))} taken over the odd primes p ≤ 33.
Thus, p1 = 29.
b) 2n = 2 ∗ 33 = 66.
c) n2 + (p1 + 1)
2 − 2np1 − ((n− 1)2 − p1)mod(2p1) = 332 + (29 + 1)2 − 2 ∗ 33 ∗ 29− (1024 −
29)mod(2 ∗ 29) = 66.
We have b) and c) imply that 2n is a Gnumber by definition. Thus, we claim that 2n can be
expressed as a sum of two primes. We prove this argument by showing that
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d) k1 =
g((n−1)2, p1)
p1
is a prime. In this example, k1 =
1073
29 = 37 is a prime.
e) p1 + k1 = 2n. That is, 29 + 37 = 66.
Note. The positive integers 49, 55, 87, 121, are the first odd values of n such that 2n is not a
G number.
Table 1. p1 = max {f(g((n − 1)2, p))} taken over the odd primes p ≤ 33. Thus, p1 =29
g((n − 1)2, p) prime factors f(g((n − 1)2, p))
g(1024, 13) = 1027 13, 79 13
g(1024, 3) = 1029 3, 7, 7, 7 3
g(1024, 7) = 1029 3, 7, 7, 7 3
g(1024, 5) = 1025 5, 5, 41 5
g(1024, 23) = 1035 3, 3, 5, 23 3
g(1024, 17) = 1037 17, 61 17
g(1024, 11) = 1045 5, 11, 19 5
g(1024, 19) = 1045 5, 11, 19 5
g(1024, 29) = 1073 29, 37 29
g(1024, 31) = 1085 5, 7, 31 5
5. Every G number can be expressed as a sum of two primes
Lemma 2. Every G number can be expressed as a sum of a prime p1 and an integer
k1 =
g((n−1)2, p1)
p1
.
Proof. Let 2n be a G number. By the definition of p1 and the fundamental theorem of arith-
metic [1], the prime p1 exists. Moreover, by the definition of a G number,
g((n − 1)2, p1) = p1(2n − p1).
2n− p1 = g((n − 1)
2, p1)
p1
.
2n = p1 + k1.

Lemma 3. If 2n is a G number, then p1 > n−
√
2n− 1.
Proof. Suppose that 2n is a G number. As a result of Lemma 1,
g((n − 1)2, p1) = k1p1 (3)
is the smallest odd multiple of p1 exceeding (n− 1)2. Thus,
(n− 1)2 < g((n − 1)2, p1). (4)
With (3) and (4) we obtain
(n− 1)2 < k1p1. (5)
Lemma 2 shows that
2n = p1 + k1. (6)
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Solving for k1 in (6) and applying the result in (5) give
(n − 1)2 < (2n − p1)p1
n2 − 2n+ 1 < 2np1 − p12.
n2 − 2np1 + p12 < 2n− 1.
(n− p1)2 < 2n− 1.
n− p1 <
√
2n− 1.
p1 > n−
√
2n − 1.

Lemma 4. p1 is the smallest prime factor of g((n − 1)2, p1) .
Proof. 1) If p1 = n,
then g((n − 1)2, p1) = g((n − 1)2, n) = n2 + 1− (n2 − 3n+ 1)mod(2n) = n2 = p12. Hence p1
is the smallest prime factor of g((n − 1)2, p1).
2) If p1 < n,
Argument: Since p1 is the largest of all smallest prime factors by definition, then there exists
a prime pi < n such that p1 is the smallest prime factor g((n − 1)2, pi) . We will show that
a) pi is not less than p1.
b) pi is not greater than p1.
Therefore, pi = p1. That is, p1 is the smallest prime factor of g((n − 1)2, p1).
Support: It is clear that there exists a prime pi < n such that p1 is the smallest prime factor
g((n − 1)2, pi), for the reasons stated in the argument above.
Case a) Suppose that pi < p1. This is impossible since pi divides g((n − 1)2, pi) and pi < p1
would imply that pi (instead of p1), is the smallest prime factor of g((n − 1)2, pi).
Case b) Suppose that pi > p1. We have
g((n − 1)2, pi) = kp1, for some odd integer k, and
g((n − 1)2, pi) > (n− 1)2, by Lemma 1. Therefore,
kp1 > (n− 1)2. Since p1 < n and k is odd,
then k > n. Furthermore,
we know that pi | g((n − 1)2, pi),
thus, k = piα, where α > 1.
That is, g((n − 1)2, pi) = p1piα.
We have p1 > n−
√
2n− 1 by Lemma 3.
Hence, p1 > n−
√
2n− 1 > n2/3 when n > 7.
Since p1 > n
2/3 is the smallest prime factor of g((n − 1)2, pi) = p1piα, we obtain
p1piα > n
2/3.n2/3.n2/3.
g((n − 1)2, pi) > n2. That is impossible since
g((n − 1)2, pi) = (n− 1)2 + 2pi − ((n − 1)2 − pi)mod(2pi).
= n2 − 2n+ 1 + 2pi − ((n− 1)2 − pi)mod(2pi).
g((n − 1)2, pi) < n2 as pi < n.
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We deduce from a) and b) that pi = p1. Therefore, p1 is the smallest prime factor of g((n −
1)2, p1) . 
Lemma 5. If 2n is a G number, then k1 =
g((n−1)2, p1)
p1
is a prime for n > 7.
Proof. Suppose that 2n is a G number. In virtue of Lemma 1, g((n − 1)2, p1) = k1p1, where
k1 is an integer. The objective is to show that k1 is prime when n > 7.
Case 1: If n > 2 is a prime,
then n is the smallest prime factor of n2. Thus, n = max{f(g((n − 1)2, p))} taken over the
odd primes p ≤ n. That is (by definition), p1 = n. Moreover, since 2n is a G number, then
g((n − 1)2, p1) = p1(2n − p1). by definition.
g((n − 1)2, p1)
p1
= 2n− p1, where p1 = n.
k1 = 2p1 − p1.
k1 = p1 is a prime.
Case 2: Say n > 2 is not a prime.
a) We have g((n − 1)2, p1) = k1p1 where by Lemma 4, p1 is the smallest prime factor of
g((n − 1)2, p1). Hence, k1 does not have a prime factor less than p1.
b) In addition,
p1 > n−
√
2n− 1, by Lemma 3.
Thus, p31 > (n −
√
2n− 1)3. We know that,
(n−√2n − 1)3 > n2 when n > 7. Hence,
p31 > n
2 when n > 7. (7)
Furthermore, using the definition of g(x, p), we obtain
g((n − 1)2, p1) = (n− 1)2 + 2p1 − ((n − 1)2 − p1)mod(2p1).
g((n − 1)2, p1) = n2 − 2n+ 1 + 2p1 − ((n− 1)2 − p1)mod(2p1).
Therefore, g((n − 1)2, p1) < n2 as p1 < n. (8)
(7) and (8) imply that, p31 > n
2 > g((n − 1)2, p1) when n > 7 .
p31 > k1p1 because g((n − 1)2, p1) = k1p1.
p1 >
√
k1 when n > 7.
Part a) says that k1 does not have a prime factor less than p1.
Part b) implies that p1 >
√
k1 when n > 7.
As a result of a) and b), k1 does not have a prime factor less than
√
k1 when n > 7. Hence,
k1 is a prime for n > 7. 
Theorem 1. Every G number can be expressed as the sum of two primes.
Proof. In light of Lemma 2, every G number can be expressed as a sum of a prime p1 and an
integer k1 =
g((n−1)2, p1)
p1
. As a result of Lemma 3 and 5, we have k1 is a prime when n > 7.
Thus, every G number can be expressed as the sum of two primes for n > 7.
If n ≤ 7, then the cases for n = 3, 5 and 7 are included in the proof of Lemma 4 Case 1 (that
is when n > 2 is a prime). Hence, it remains to verify the cases for n = 4 and n = 6, that can
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easily be done manually.

6. There are infinitely many G numbers
We shall prove Theorem 2 to support the argument that some substantial portion of the
natural numbers are G numbers.
Theorem 2. There are infinitely many G numbers.
Proof.
Argument: If n is a prime, then 2n is a Gnumber. There are infinitely many primes; therefore,
there are infinitely many G numbers.
Support: Suppose that n is a prime. We have by definition
g((n − 1)2, p1) = (n− 1)2 + 2p1 − ((n − 1)2 − p1)mod(2p1). Thus,
g((n − 1)2, n) = (n− 1)2 + 2n− ((n− 1)2 − n)mod(2n).
= n2 + 1− (n2 − 3n + 1)mod(2n).
= n2.
Since, n is the smallest prime factor of n2, we obtain n = max{f(g((n − 1)2, p))} taken over
the odd primes p ≤ n. That is, p1 = n (in view of the definition of p1).
Furthermore, 2n is a G number by definition if:
2n = n2 + (p1 + 1)
2 − 2np1 − ((n− 1)2 − p1)mod(2p1).
We shall verify that p1 = n satisfies the definition above.
n2 + (n + 1)2 − 2n2 − ((n − 1)2 − n)mod(2n) = 2n+ 1− 1.
= 2n.
Hence, if n is a prime, then 2n is a Gnumber. There are infinitely many primes [8]; therefore,
there are infinitely many G numbers.

We note that when n is a prime is not the only case that 2n is a G number. Indeed, in
Example 1 we have n = 33 is not a prime, and 2n = 66 is a G number. But the easiest way
to prove the infinitude of the G numbers, is to use the infinitude of the prime numbers as
demonstrated in Theorem 2.
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